Maxwell Velocity Distribution for a Stochastic Ensemble of Thermals in a Turbulent Convective Mixed-Layer: Kinetic Approach  by Vulfson, A.N. & Borodin, O.O.
 Procedia IUTAM  8 ( 2013 )  238 – 247 
2210-9838 © 2013 The Authors. Published by Elsevier B.V. Open access under CC BY-NC-ND license.
Selection and/or peer-review under responsibility of Yuli Chashechkin and David Dritschel
doi: 10.1016/j.piutam.2013.04.030 
IUTAM Symposium on Waves in Fluids: Effects of Nonlinearity, Rotation, Stratification and 
Dissipation 
Maxwell Velocity Distribution for a Stochastic Ensemble  
of Thermals in a Turbulent Convective Mixed-Layer:  
Kinetic Approach 
A.N. Vulfson a, O.O. Borodin a* 
a Oil and Gas Research Institute of Russian Academy of Sciences, ul. Gubkina 3, Moscow, 119333, Russia 
Abstract 
In this paper, we develop a stochastic model of an ensemble of convective eddies that produces an equilibrium velocity distri-
bution of thermals. In the model, mixed-layer thermals are assumed to possess identical buoyancy and are considered as rigid 
balls of constant radii. The motion of an ensemble of convective eddies is described using a Langevin equation with a nonlin-
ear dissipative force and a random force whose structure is known for an ensemble of Brownian particles. It is shown that the 
probability density of an ensemble of thermals satisfies the K-form of the kinetic Fokker-Planck equation with variable coeffi-
cients. The Maxwell equilibrium velocity distribution of convective thermals is constructed as a stationary solution of the 
Fokker-Planck equation. It is shown that the Maxwell velocity distribution well approximates experimental distributions in 
the turbulent convective mixed-layer. 
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1. Introduction 
Many problems of physical kinetics investigate the motion of a stochastic ensemble of particles, see [1, 2]. 
In our study, a stochastic ensemble of particles is taken to be a chaotic ensemble of isolated turbulent eddies 
whose vertical motion is driven by penetrative convection in a stratified layer of a fluid or a gas. 
In nature, a typical example of this situation is the development of penetrative convection over a heated hori-
zontally uniform underlying surface. The existence of a chaotic ensemble of isolated turbulent eddies (thermals) 
in the convective layer was first discovered by [3]. Typical dimensions of atmospheric thermals vary from several 
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tens to several hundreds of meters and their velocities are about 1 m/s. The chaotic ascending motion of thermals 
is caused by the buoyancy force and by their interaction with an arbitrary medium. 
The temperature of atmospheric thermals is somewhat warmer than that of the environment, so they can be de-
tected quite well by lidars [4] and by Doppler sodars [5]. 
Analogous convective events are encountered in the boundary layer of the ocean when its surface cools rap-
idly. In this case, however, the chaotic motion of thermals becomes descending. 
Visual pictures of the ensemble of thermals can be obtained from laboratory modeling at high Rayleigh num-
bers. The results of the experiments by [6] shown in Fig. 1 clearly demonstrate the chaotic motion of thermals. 
 
Fig. 1. Ensemble of thermals in form of salt fingers moves in the water layer. The downward-moving fingers were made visible by adding 
fluorescein to the salt and lighting through a slit from below. 
There is some analogy between the ensemble of Brownian particles and the ensemble of mixed-layer thermals. 
Brownian particles move in a gas with a constant mean squared thermal velocity 2 3 / 2 constBv k T m , 
where T is temperature, Bk  is the Boltzmann constant, and m  is the particle mass. Convective thermals move in 
a mixed-layer with a constant mean squared turbulent velocity 2 20.35 constDw w , where Dw  is the 
Deardorff parameter. This analogy between the thermostat and the mixed-layer allows us to use random forces of 
the same structure in the Langevin equations of both ensembles. 
In the suggested model, the ensemble of thermals is described using a special Langevin equation with a 
nonlinear dissipative force and a random force whose structure is known for an ensemble of Brownian particles. 
The Langevin equation thus constructed prescribes the probability density of thermals of a stochastic ensemble in 
the velocity phase space. According to the general kinetic theory, the probability density of thermals satisfies the 
K-form of the Fokker-Planck equation with variable coefficients [2]. 
In terms of kinetics, this circumstance is quite important because only K-forms of the kinetic Fokker-Planck 
equation tend to the Maxwell distribution. 
It is known that the number of convective eddies in the ensemble of mixed-layer thermals does not virtually 
change with height. So we can consider a simplified Fokker-Planck equation in which the probability density is 
prescribed only in the phase subspace of velocities. The equilibrium velocity distribution of convective thermals 
is constructed as a stationary solution of the simplified K-form of the Fokker-Planck equation. 
The theoretically constructed Maxwell velocity distribution agrees qualitatively and quantitatively with the 
empirical distributions derived from available experimental data. 
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2. Turbulent convective layer and its parameters 
Consider a static layer of a fluid or gas in the gravity field. The layer is bounded by a flat surface from below. 
Let x , y , z  and z  be the Cartesian coordinates placed at the flat boundary of the layer so that the z -axis is di-
rected oppositely to the gravity acceleration g. 
Let us assume that  is a local potential temperature in the convective turbulent layer, 0 ( )z  is a reference 
potential temperature of the static layer 0 0( ) /  is a dimensionless fluctuation of potential tempera-
ture, and w  is the vertical velocity. Here  and w  depend on the spatial coordinates and time. 
By averaging  and w  over the area, we obtain different turbulent moments of the convective layer. 
Let h  be an upper boundary of the convective layer and gS  be a buoyancy flux at the uniform underlying 
surface of dimension 2 3[ ] m /sgS . The existence of the parameters gS  and h  allows us to use the Dear-
dorff parameters for velocity and buoyancy in the convective layer [7] 
1/3 1/3 1/3 2/3( ) , ( )D Dw h gS g h gS  (1) 
The lower half of the convective turbulent layer with 0 / 0.5z h  will be referred to as the mezo-layer of 
intense convection. It is filled with an ensemble of developing thermals. In the overlying mezo-layer 
0.5 / 1.0z h  the convective thermals move by inertia because when thermals cross the upper boundary of 
the layer of intense convection ( / 0.5z h ), their average buoyancy decreases sharply. Qualitative differences 
between the lower and upper parts of the turbulent convective layer are entirely supported by laboratory meas-
urements [8]. 
The turbulence of the mezo-layer of intense convection is described by the theory of local similarity [9]. In 
particular, for the second turbulent moments 
2 2 2 2/ ( / ), / ( / ), / ( / )D ww D D D ww w f z h f z h w w f z h  (2) 
Some results of field measurements of the second moment of the velocity in the atmospheric mezo-layer of in-
tense convection by [10] and the results of laboratory experiments by [11] are shown in Fig. 2a and Fig. 2b. 
These data point to a relatively weak dependence of 2w  on height z  in the mixed-layer. 
Using the classification of [12], we can distinguish in the mezo-layer of intense convection the free-convection 
layer with 0 / 0.1z h  and the mixed-layer with 0.1 / 0.5z h . 
In developed turbulence, the layer of free convection is the layer of a liquid or gas adjacent to the heated sur-
face and having a depth 0 / 0.1z h . The free-convection layer is defined as the layer of constant flux 
0gS . Under atmospheric conditions, the free-convection layer is an unstable surface layer, i.e., the lower 
horizontally uniform layer adjacent to the heated underlying surface and having a depth of about 100 m. 
The first moments of the surface layer satisfy the equations 
1 2/3 4/30, ( ) / ( )w g z g d dz gS z  (3) 
where 1 / 0d dz  is a stratification parameter. 
The first equality of (3) follows from the equation of continuity. The second equality results either from the 
classical theory of turbulence by [13] or from the theory of similarity [14]. According to field atmospheric meas-
urements (see, for example, [15]), we assume 0.9 . 
The second moments of the convective surface layer satisfy the equations 
2/3 2/32 2 2 2/ / , / / , / 1D ww D D Dw w z h z h w w  (4) 
Equalities (4) follow from similarity theory [16, 17]. 
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The coefficients 1.8ww  and 1.8  have been obtained from direct measurements of the second 
moments of the convective surface layer in Minnesota 1973, and AMTEX 1975 experiments [10, 17]. 
 
Fig. 2. Dimensionless variances of the second moment of the vertical velocity ( ) in the atmosphere from AMTEX experiment (b)  
in the liquid from laboratory experiment. The solid lines show dependences on the dimensionless height that follow similarity theory (2). 
In developed turbulent convection, the mixed-layer is the layer of depth 0.1 / 0.5z h . The mixed-layer 
moments satisfy the equations 
1 2 20, / 0, ( ) 0.35 Dw g z g d dz w z w  (5) 
The first equality of (5) follows from the equation of continuity and is valid for the entire convective layer. 
The second equality shows that the mixed-layer stratification of potential temperature is close to neutral. This 
equality allows the mixed layer to be considered as an analogue of the layer of a homogeneous fluid. 
The third equality of (5) indicates the spatial homogeneity of the second moment of vertical velocity. This 
equality allows the mixed-layer to be considered as an analogue of a thermostat in statistical mechanics. 
3. Empirical average parameters of the subsystem of atmospheric convective elements in the mixed-layer 
and their approximations 
Turbulent convection at high Rayleigh numbers occurs as an ensemble of thermals which arise in the surface 
layer at the underlying surface and then, as they ascend, come to the lower boundary of the mixed-layer. The en-
semble of convective thermals consists of isolated eddies that are warmer than the ambient atmosphere. The en-
semble of thermals rising in the almost static surroundings forms a fine structure of the convective turbulent 
layer. 
It is essential that airborne and atmospheric measurements and also measurements at meteorological towers 
and masts are made along a line of observation. Using the theory of similarity, we consider some experimental 
data on average parameters of the system of warm updrafts along the line of observations. 
Let ( )ln z  be the number of thermals per unit length of the line of observation. In accordance with the similar-
ity theory, the average density of thermals ln  is expressed by ( / )l Nn h f z h . 
We assume that density ( )l ln n z  falls abruptly in the surface layer 0 / 0.1z h  and remains constant 
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in the mixed-layer 0.1 / 0.5z h . Then for the density of mixed-layer thermals the following approxima-
tion is valid constln h . 
Atmospheric measurements [18 – 20] and numerical experiments [21] show the mixed-layer to be uniformly 
filled with rising thermals, see Fig. 3. 
 
Fig. 3. Dependence of the number of thermals per unit length of the line of observations ln  on the dimensionless altitude in the convective 
layer from field measurements and numerical calculations. The vertical lines correspond to approximation of data. Solid points and triangles 
are the empirical values of ln  along the line of observations from [19] and [20], respectively. The values of ln  from the vortex-resolving 
model of [21], along and normally to wind direction are shown by dashed and dash-dotted lines, respectively. 
Let lR  and lg  be average values of radii and buoyancy of the ensemble thermals along the line of observa-
tions l  located at the level z . In accordance with the theory of similarity, the average radius lR  and the average 
buoyancy lg  are expressed by 
/ ( / ), ( ) / ( ) ( / )l R l DR h f z h g g f z h  (6) 
Let us assume that radius lR   buoyancy lg  change abruptly in the surface layer 0 / 0.1z h  and re-
main constant in the mixed-layer 0.1 / 0.5z h . We assume that for the average radius and average buoy-
ancy of the mixed-layer thermals the following approximations are valid: 
2 / 0.095, ( ) / ( ) 1.2l l DR h g g  (7) 
The first formula of (7) means that the average diameter of thermals 2 lR  is determined by the surface-layer 
depth 0.1 h . The second formula means that the average dimensionless temperature l  is determined by the 
Deardorff parameter D . 
Measurements of [19] and [20] provided field data on average values lR   l  as a function of the dimen-
sionless altitude /z h . Comparison of approximations (7) with atmospheric observations is given in Fig. 4a and 
Fig. 4b, respectively. 
243 A.N. Vulfson and O.O. Borodin /  Procedia IUTAM  8 ( 2013 )  238 – 247 
 
Fig. 4. Dependence of average diameters and buoyancy of the system of warm up drafts on the dimensionless altitude in the convective layer 
from field measurements: (a) 2 /lR h  and (b) /l D . Vertical lines represent data approximations in the mixed-layer (7). Solid points and 
triangles correspond to empirical values of 2 /lR h  and /l D  in the convective layer from [19] and [20], respectively. 
Let 02 2 0.096lR R h  and 
2
0 1.2 1.2 /l D Dg g g w h  be constant systems of warm up-
drafts in the mixed-layer. From (7) it follows that 
2 2
0 0(2 / 3) 0.0384 0.11Dg R w w  (8) 
Essentially, in a developed convective layer the parameters 0 ,R  0 , and 
2w  can be considered constant. 
4. Equations of motion of an isolated thermal in mixed-layer 
Let us assume that an isolated thermal rises in a neutral temperature-unperturbed environment ( 0 , 
0 ). In accordance with the Boussinesq equations, such an environment interacts with a thermal similarly to 
a homogeneous fluid. 
A thermal is defined as a relatively warm area 0  bounded by the surface 0w . We replace the thermal 
by a sphere of equivalent volume with radius R . For a thermal distinguished from the environment, the ascent is 
described by an integral form of the equations of motion and conservation of entropy. Then 
22 33 , ,
3 4
d
R R R
dw c w d dR dRg w w w
dt R dt R dt dz
 (9) 
Here w  and  are the volume-averaged mean velocity and potential-temperature perturbations, R  is the 
linear entrainment, and 0.88dc  is the dimensionless drag coefficient (see [22]). 
The system (9) is correct in the mixed-layer 0.1 / 0.5z h . The equation of motion (9) corresponds to 
the velocity equation of an isolated thermal in the model of [22]. 
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5. Equations of motion for an ensemble thermals in mixed-layer 
We now consider an ensemble of mixed-layer thermals. It is clear that thermals of the ensemble move in a 
random medium and interact with each other, so they differ slightly from isolated thermals in the mixed-layer. 
Suppose that the force exerted upon the i -th thermal of the ensemble by all other thermals can be taken into 
account by putting a random fast-oscillating force into the equation of motion (9). By analogy with an ensemble 
of Browning particles, the random force will be specified using the product of the Einstein diffusion coefficient 
D  and the time function ( )y t . Thus, 
2
3 2, , ( , ) ( , )
3
( , ) 3 , ( , ) ( , )
4
i i i
R i i R i i i i i i i
i
d i
i i R i i i i
i
d dR dww w g w R w D w R y t
dt R dt dt
c ww R D w R w R w
R
 (10) 
Here ( , )i iw R  is the mobility coefficient linearly dependent on the velocity with a dimension 
1[ ] s ; 
( , )i iD w R  is the Einstein diffusion coefficient with a dimension 
2 3[ ]D m s ; and ( )y t  is a random time 
function with a dimension 1/2[ ]y s . 
Consider details of the random function ( )y t  following [1, 2]. Assume that ( )y t  is characterized by two 
conditions 
( ) 0, ( ) ( ) 2 ( )y t y t y t t t  (11) 
Here 't t  is the Dirac function, t  and 't  are arbitrary instants of time, and angle brackets denote en-
semble averaging. 
The first formula in (11) follows from the correctness of applying the equation of motion of an isolated ther-
mal (11) to a thermal of the ensemble. The second describes the delta-correlatedness property. 
We set 0R  assuming that the interaction of each thermal with the adjacent thermals of the ensemble lim-
its a change in its radius with height. In this approximation, the individual radii of ensemble thermals remain con-
stant, in agreement with experimental data on the variation in the mean radius of thermals with height shown in 
Fig 4a. 
Under approximation 0R , the dynamic equations of the ensemble of mixed-layer thermals are written as 
2
20, 0, ( , ) ( , ) ( ), ( , )
3 4
( , ) ( , )( ), ( ) 0, ( ) ( ) 2 ( )
i i i d i
i i i i i i i i
i
i i i i
d dR dw c wg w R w D w R y t w R
dt dt dt R
D w R w R w y t y t y t t t
 (12) 
Assume that all thermals of the ensemble have identical temperatures 0 and radii 0R . Under this assumption, 
the two equations in the first row of (12) can be integrated under conditions 0i , 0iR R . Thus, omitting 
the individual subscript i , we get 
2
0
0
2 1( ) ( ) ( ), ( ) , ( ) ( )
3 4
( ) 0, ( ) ( ) 2 ( )
d
dw wg w w D w y t w c D w w w
dt R
y t y t y t t t
 (13) 
In the suggested model of the ensemble, mixed-layer thermals have identical buoyancies, identical radii, and 
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random vertical velocities. 
The coefficients of (13) can be used to transform the buoyancy parameter 0g  in the equation of motion. In-
deed, from (8) with 0.88dc  taken into account, it follows that 
2 2
2 2
0
0 0 0
2 1 1 1 10.11 ( ) ( )
3 8 2 4 2 2
d dw c w cg w w w w D w
R R w R w w
 (14) 
Substituting (14) into (13) gives 
0
2
1 ( ) ( ) ( ) , ( ) ,
2 4
( ) ( )( ), ( ) 0, ( ) ( ) 2 ( )
ddw c wD w w w D w y t w
dt w R
D w w w y t y t y t t t
 (15) 
System (15) corresponds to the dynamic equations of the ensemble of convective thermals and has a special 
form of nonlinear Langevin equations [2]. 
6. Fokker – Plank Equation 
The random force that enters (15) requires a statistical description of the ensemble of convective thermals. The 
metric space 0 w  will be called a Maxwell phase space. 
In the Maxwell phase space, we can determine the probability density ( , )wf w t . Let ( , )
w
ln w t dw  be the 
number of thermals in an elementary phase volume dw  and ln  be the total number of thermals in the convec-
tive ensemble per unit length of the line of observations. Using a statistical definition of probability, we assume 
the probability that a thermal appears in an elementary volume dw  to be 
0
, , , 1
w
l
w w
l
n dwf w t dw f w t dw
n
 (16) 
The ensemble of convective thermals in this space is represented as a cloud of particles. As the ensemble of 
convective thermals moves, the “cloud” of particles travels in the phase space similar to a continuous medium 
with density wf . Let us introduce a phase liquid whose velocity in the Maxwell metric space is defined by the 
Langevin equations in the form of (15). In the monographs by [1] and [2] it is shown that, for an ensemble of par-
ticles satisfying the Langevin equations, the phase probability density wf  satisfies the Fokker-Planck equation. 
Using the nonlinear Langevin equation (15) and Stratonovich interpretation, we obtain the following Fokker-
Planck equation with variable coefficients: 
2( ) ( ) , ( ) ( )w w wf w wf D w f D w w wt w w
 (17) 
The expression with variable coefficients (17) is known as the K-form of the Fokker-Planck equation (see 
[23]). This equation is an analogue of the diffusion equation of a passive tracer in a moving continuous medium. 
The solution of the nonstationary Fokker-Planck equation (17) assumes that initial and boundary conditions 
are specified. As the initial condition for (17), we can use an arbitrary positive function ( )w . 
As boundary conditions for (17), the following relations are used: 
0
lim ( ) ( ) 0, lim ( ) ( ) 0w w w ww ww wf D w f w wf D w fw w
 (18) 
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The first relation of (18) means that ( , )wf w t  decreases quite rapidly when w . An integration of 
the Fokker-Planck equation (17) over the velocity space with the use of the normalization condition (16) and the 
first equation of (18) gives a second equation of system (18). Boundary conditions for (17) in the form (18) can 
be regarded as conditions of a zero full diffusion flux in phase space. 
7. Generalized Maxwell distribution for an ensemble of convective thermals. Comparison with 
experimental data 
The Fokker – Planck equation (17) admits a stationary solution that satisfies boundary conditions (18) in the 
form of the generalized univariate Maxwell distribution 
21/2
2
2
2 1exp , 0
2w
wf w dw w dw w
w
 (19) 
 
Fig. 5. (a) Empirical probability density of vertical velocity from experimental data [24]. Solid circles and squares are aircraft measurements 
along horizontal paths at 100 m in directions parallel and normal to the wind. A solid line is the generalized Maxwell distribution (19). 
(b) Empirical probability density of vertical velocity from experimental data [25]. Solid circles and squares are balloon measurements along 
horizontal paths at ( / 0.42)z h  and ( / 0.55)z h  in directions parallel to the wind. A solid line is the generalized  
Maxwell distribution (19). 
The classical univariate Maxwell velocity distribution for ideal-gas molecules follows from (19) if the mean 
parameter 2w  is assumed to be proportional to the environmental temperature. 
It can be shown that the stationary Maxwell solution (19) is a limit of any nonstationary solution of the Fok-
ker-Planck equation (17) when t . 
The vertical velocity distribution in the ensemble of convective thermals at the bottom of the atmospheric 
mixed-layer ( 100 0.1z m h ) was obtained by [24]. Comparison of the generalized Maxwell distribution 
(19) with aircraft measurements of [24] is shown in Fig. 5a. The vertical velocity distribution in the ensemble of 
mixed-layer convective thermals at ( / 0.42)z h  and ( / 0.55)z h  was obtained by [25]. Comparison of 
the generalized Maxwell distribution (19) with balloon measurements of [25] is shown in Fig. 5b. 
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However, in the convective turbulent layer the region of updrafts is related to buoyant thermals. The results 
given in Fig. 5 show that in the region of updrafts 0 w  the normal curve (19) can be used for an ap-
proximation of experimental data. 
Hence, the generalized Maxwell distribution (19) does perform in the ensemble of thermals in the convective 
mixed-layer. 
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